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Overview

• Background – Wound healing process during and after treatments
• Algorithm
• FOLFIRI treatment
• Mathematical model
• Tumor deconvolution
• Data normalization
• Parameter estimation



Spatial Model
Wound healing process 

after treatments.

Shahriyari L. (2017) Royal Society Interface
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Ratio of cancer cells after treatments

Red: after the wound has been healed
Black: The final time of simulations T, 
where T = 10D number of updating time 
steps, and D is the tissue's size. 
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Developing	QSP	model

Identifying	Key	Players:	
Cells,	Proteins,	etc.

&
Finding	interaction	network	

between	key	players

Driving	the	QSP	equations

TCGA	Gene	Expression	
Data
&

Gene	expression	data	in	
clinical	studies	about	drugs

Preparing	Input	Data

Checking	data	quality,	consistency
&	

Normalizing	the	data

Estimating	values	of	model’s	variables	for	each	
patient	

Estimating	the	range	of		values	of	model’s	
variables

Optimal	Parameter	Estimation	and	
Sensitivity	Analysis

Parameter	estimation	using	non-linear	
optimization

Global	sensitivity	analysis	to	determine	
sensitive	parameters	that	affect	the	

radius	of	the	tumor

Optimal	treatment	strategies	and	
treatment	efficacy

Determining	optimal	parameters	of	drug	
and	estimating	treatment	efficacy

Is	the	
drug	>	P%	
effective

?

Alternate	therapies

Vary	sensitive	parameters	and	
re-determine	new	drug	

parameters

Re-estimate	efficacy	of	new	
drugs
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FOLFIRI treatment

FOLFIRI is made up of:
• folinic acid (also called leucovorin, calcium folinate or FA)
• fluorouracil (also called 5FU)
• Irinotecan

Patients have FOLFIRI chemotherapy as cycles of treatment. Each cycle of 
treatment lasts 2 weeks (14 days). Depending on their needs, they may have up to 12 
cycles, taking up to 6 months in total.
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FOLFIRI treatment

Day 1
• Patients have irinotecan through a drip into the bloodstream over 60 to 90 minutes
• Patients have folinic acid through a drip into the bloodstream over 2 hours
• Patients have an injection of fluorouracil into the bloodstream over 5 minutes
• Patients have an infusion of 5FU through a drip or pump into the bloodstream for 46 

hours
Day 2
• Patients continue to have the 5FU infusion
Day 3 to 14
• no treatment

https://www.cancerresearchuk.org/
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B molecules is limited, so the rate of loss of B thruough absorption by A is modeled by ��A
B

KB+B
.

Table 1: Model’s Variables in units of g/cm3.

Symbol Definition

N Density of necrotic cells (Cells going through necrosis)
C Density of tumor cells
D Density of dendritic cells
T4 Density of CD4+ T-cells (Th1, Th2, and Th17)
T8 Density of CD8+ T-cells
M Density of M1 macrophages
H Concentration of HMGB1
I6 Concentration of IL-6

Figure 1: Network of cells and cytokines. Sharp arrows indicate activation or proliferation, and the
blucked arrow indicates killing

In CAC, activated CD8+ T cells enhance production of necrotic cells by expressing high levels of

cytokines like IFN-� and FasL [46]. Necrotic cells and macrophages release HMGB1 to activates dendritic

cells [1], which lead to activation of T-cells [25]. In addition, intestinal epithelial cells, which are in close

contact with DCs, activate dendritic cells by releasing molecules like thymic stromal lymphopoietin

(TSLP) [29, 36]. Dendritic cells thus become activated and release cytokines STAT4, STAT6, and IL-

4,which induce di↵erentiation of naive T-cells into e↵ector T cells (Th1, Th17, and Th2) [4]. CD4+

T-cells can also become activated by TNF-↵, which is released by M1 macrophages [35]. Activated CD4+
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QSP Model - example



Michaelis-Menten law

• An A-cell becomes activated when a molecule of B ligands to a 
cytoplasmic-receptor on the A-cell, thereby resulting in an activated 
A-cell, which we designate as C-cell. 

Instead of the mass action law, we use the Michaelis-Menten law. 
• dC/dt = λ B A / (A+K) 
• where K and λ are constant. The constant K is called the half-

saturation of A, and we assume that it is equal to the steady state of A. 

Cell
A

B

B

B

B
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PDE model

We extend the ODE system to a system of PDEs to include the spatial proliferation of cancer cells. We

assume that the tumor occupies a region ⌦(t) and that the combined density of cells at each point in

⌦(t) is approximately equal to 1 g/cm
3, so that

D + T4 +M + T8 +N + C

|⌦(t)| = 1 g/cm
3
. (1)

Since cancer growth is abnormal, the assumption (1) implies that a velocity field v, by which the cells

are moving within ⌦(t), is developed. Hence, for each species X of cells, the equation

dX

dt
= F

from the ODE model is replaced by the equation

@X

@t
+ div(vX) = DXr2

X + F

where DX is the dispersion (or di↵usion) coe�cient of species X.

The cytokines H and I6 are also di↵using with their own di↵usion coe�cients. Since these coe�cients

are much larger than cells’ di↵usion coe�cients, we may neglect the e↵ect of v, and thus replace each

equation

dX

dt
= F by @X

@t
= DXr2

X + F .

Modeling tumor
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PDE model

We extend the ODE system to a system of PDEs to include the spatial proliferation of cancer cells. We

assume that the tumor occupies a region ⌦(t) and that the combined density of cells at each point in

⌦(t) is approximately equal to 1 g/cm
3, so that
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3
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The cytokines H and I6 are also di↵using with their own di↵usion coe�cients. Since these coe�cients

are much larger than cells’ di↵usion coe�cients, we may neglect the e↵ect of v, and thus replace each

equation dX

dt
= F by @X

@t
= DXr2

X + F .

Equation (2)-(9) below summarizes the PDE model.

Modeling tumor
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@X

@t
= DXr2

X + F . Equation (2)-(9) below summarizes the PDE model.

@D

@t
+ div(vD) = DDr2

D +

Rate of constitutively produced dendritic cellsz}|{
AD +D

0(�DH

H

KH +H
+ �DC

C

KC + C
)

| {z }
Activation of DCs by HMBG1 and tumor

� �DD|{z}
Death rate

(2)

@T4

@t
+ div(vT4) = DT4r2

T4 + �T4DT
0

4

D

KD +D| {z }
Activation by DCs

+ �T4MT4

M

KM +M| {z }
Proliferation by macrophages

� �T4T4| {z }
Death rate

(3)

@M

@t
+ div(vM) = DMr2

M +

Rate of constitutively produced macrophagesz}|{
AM + �MT4M

T4

KT4 + T4| {z }
Activation by CD4

+
T-cells

� �MM| {z }
Death rate

(4)

@T8

@t
+ div(vT8) = DT8r2

T8 +

Activation by CD4
+

T-cellsz }| {
�T8T4T

0

8

T4

KT4 + T4

� �T8T8| {z }
Death rate

(5)

@N

@t
+ div(vN) = DNr2

N +
1

4
�CT8T8C

| {z }
Production by CD8

+
T-cells

+

Production by tumorz}|{
�CC � �NN| {z }

Death rate

(6)

@H

@t
= DHr2

H +

Production by Necrotic cellsz }| {
�HNN + �HMM| {z }

Production by M�

� �̂DHD
0

H

KH +H| {z }
Absorption by DCs

� �HH| {z }
Degradation

(7)

@I6

@t
= DI6r2

I6 +

Production by T4 cellsz }| {
�I6T4T4 + �I6MM| {z }

Production by M�

� �̂CI6C
I6

KI6 + I6| {z }
Prolif. of cancer cells by IL-6

� �I6I6| {z }
Degradation

(8)

@C

@t
+ div(vC) = DCr2

C + �CC(1� C

C0

)
| {z }

Proliferation

�
Death by CD8

+
T-cellsz }| {

�CT8T8C + �CI6C
I6

KI6 + I6| {z }
Prolif. of cancer cells by IL-6

�
Death ratez}|{
�CC (9)

We assume that all cells have approximately the same volume and surface area, so that their dispersion

coe�cients are the same. By adding the equations of cells, we get an equation for r · v:

r · v =
Xh

RHS of Eqs. (2)-(6) and (9)
i
.

We also assume that the tumor’s region ⌦(t) is a sphere 0  r  R(t), and all the variables are

spherically symmetric. Additionally, we assume that the free boundary r = R(t) moves with the velocity
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where er = x
|x| is the radial unit vector.

The parameters of this system of equations are given in Table 2.

Boundary Conditions

We assume that T-cells migrate from the lymph nodes into the cancer, and express this by the boundary

conditions
@D

@n
+ ↵(D �D

0) = 0 ,
@T4

@n
+ ↵(T4 � T

0

4
) = 0 ,

@T8

@n
+ ↵(T8 � T

0

8
) = 0

where D
0, T 0

4
and T

0

8
are the half-saturation values of D, T4 and T8. All other cells satisfy the no-flux

condition:
@M

@n
=

@N

@n
=

@C

@n
= 0.

We also assume no-flux for the cytokines:

@H

@n
=

@I6

@n
= 0.

Initial conditions

We assume constant initial conditions: D(r, 0) = 0.044, T4(r, 0) = T8(r, 0) = 0.018,M(r, 0) = 0.2, N(r, 0) =

0.22, C(r, 0) = 0.5, H(r, 0) = 0.5⇥ 10�10, and I6(r, 0) = 5⇥ 10�10, in units of g/cm3.

Parameter estimation

Michaelis-Menten coe�cients

We assume that, in the steady state of species X, X = KX . In particular, H = KH = 1.8⇥ 10�10
g/cm

3

by [12], and C = KC = 0.4 g/cm
3 by [20]. From Q. Zhou et al. [47], we infer that approximately

20% of cells in colon cancer are macrophages. From [37], we infer that the density of T-cells is 1/10

the density of macrophages. Accordingly, we assume that T4 = KT4 = T8 = KT8 = 0.02 g/cm
3, and

M = KM = 0.2 g/cm
3. We also take D = KD = 0.04 g/cm

3, and N = KN = 0.32 g/cm
3.

Modeling tumor
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We assume that all cells have approximately the same volume and surface area, so that their dispersion
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i
.

We also assume that the tumor’s region ⌦(t) is a sphere 0  r  R(t), and all the variables are

spherically symmetric. Additionally, we assume that the free boundary r = R(t) moves with the velocity

of the cells, that is
dR

dt
= v · er = v(R(t), t),

where er = x
|x| is the radial unit vector.

The parameters of this system of equations are given in Table 2.

Boundary Conditions

We assume that T-cells migrate from the lymph nodes into the cancer, and express this by the boundary
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@n
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0) = 0 ,
@T4
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0

4
) = 0 ,

@T8
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0

8
) = 0

where D
0, T 0

4
and T

0

8
are the half-saturation values of D, T4 and T8. All other cells satisfy the no-flux

condition:
@D

@n
=

@M

@n
=

@N

@n
=

@C

@n
= 0.

We also assume no-flux for the cytokines:

@H

@n
=

@I6

@n
= 0.

Initial conditions

We assume constant initial conditions: D(r, 0) = 0.044, T4(r, 0) = T8(r, 0) = 0.018,M(r, 0) = 0.2, N(r, 0) =
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Modeling tumor



• Finding optimal treatment 

• Cross Validation.

way:
@A(✓)

@t
= DA�A+ F (A,✓) + ⌘(t). (6)

To determine the optimal dosages for the drug administered, we need to find ⌘ such that the radius of the tumor r
decreases to a steady state value r⇤ at the final time T . We note here that the optimal ⌘ would depend on the sensitive
parameter vector ✓s in a coupled way and r depends on ⌘. Thus, we are led to solving the following optimal control
problem to obtain ⌘(t)

min
(✓s,⌘)

J̃ :=

Z

⌦
(r(✓ns,✓s, ⌘(T ), x, T )� r⇤T )

2 dx+

Z T

0
F̃ (⌘(t),✓s) dt, (7)

subject to the QSP constraint (6), where ⌘(t) can be thought of as an open-loop control for r. We again use the
VIP algorithm to solve this optimal control problem and obtain the optimal ⌘(t) along with the values of the sensitive
parameters ✓s at the optimum. This ⌘(t) is the suggested therapy for curing the patient, assuming that the

other parameters in the patient’s cell dynamics are fixed at their optimum feasible values. But since the radius
of the tumor r is highly sensitive to the parameter vector ✓s, we need to predict the efficacy of the recommended therapy
and suggest new robust therapies for cure, if required. This is done through a probability analysis in the next part.
C.3.1.1. Potential pitfall and alternate solutions: Though the implementation of the optimization algorithm to
solve for the parameters are robust and yield accurate results, there are some cases where the optimal solution might
not be obtained. This is because the optimization algorithm is iterative and requires a proper initial guess to initiate the
algorithm. In case of such failure, we use different initial guesses to determine the feasible one.
C.3.2. Efficacy of the optimal treatment strategy and suggested new therapies: We predict the efficacy of the
suggested optimal treatment strategy from the previous part and also recommend alternate therapies for curing colon
cancer in each patient. We perform this through the following steps:

(a) For each patient, keeping ⌘ fixed, we find out the range of values of |r� r⇤| at the final time T with respect to the
feasible range of values of ✓s to determine the confidence level 100(1�↵)% of the radius of the tumor r such that
|r � r⇤| < tol. Here tol is a desired tolerance level chosen for defining cure and ↵ is the error probability. We then
say that the drug with parameter ⌘ is 100(1� ↵)% effective for curing the patient. For example, if ↵ is 0.1, then,
we say that the drug is 90% effective.

(b) If ↵ > ↵⇤, for a maximum acceptable probability of failure ↵⇤, we suggest new therapies by choosing appropriate ⌘.
For this, we consider the range of feasible values of ✓s as in Step (a) and solve a modified optimal control problem
to obtain the new range of values of ⌘.

(c) For each such ⌘ obtained in Step (b), we determine the confidence level 100(1 � ↵)%. We classify those ⌘ whose
confidence level is greater than 100(1 � ↵⇤)% and say that these alternate ⌘ will cure the patient with probability
bigger than 100(1� ↵⇤)%.

(d) If there exists no ⌘ such that 100(1 � ↵) > 100(1 � ↵⇤), then we say that the chances of the patient being cured
with any drug is less than 100(1� ↵⇤)%.

C.3.3. Validation: Del Rio et al. [2] performed a study to identify a pattern of gene expression able to predict response
to FOLFIRI in colorectal cancer patients with synchronous and unresectable liver metastases. From this study, we get
the gene expression data of primary tumor of 21 patients and the tumor response, the size of the metastatic lesions
from bidimensional measurements (the product of the longest diameter and the longest perpendicular diameter) using
computed tomography scanning, to FOLFIRI. We get 10 more cases from another study by Matinez-Garci et al. [5],
which challenges the fact that gene expression is not a direct predictor of FOLIRI response.
We will perform 3-fold cross validation; each time we randomly select 21 patients from the combination of the above-
mentioned studies to train the model. For each individual patient, we first estimate the values of our model’s variables
based on their gene expression data. Then, this will give us the initial conditions of the inverse problem. Utilizing the
range of acceptable values for the variables of the model (obtained using TCGA data), we estimate model’s parameter
for each patient using inverse problem techniques. Then, we perform sensitivity analysis and estimate the probability
of treatment efficacy. If the estimated probability of more than four (20%) patients do not match with the clinical
observation, we first change the methods of estimating model’s variables from gene expression data, and then improve
QSP model. If we still find the false discovery rate (FDR) > 20%, we will modify the inverse problem and sensitivity
analysis methods accordingly. We repeat this process until the FDR  20%.

15

Modeling treatment



16

Estimating values of variables at one time point
Analytical tools developed to provide an estimation of the abundances of member cell 
types in a mixed cell population, using gene expression data, including:

• DeconRNASeq (Gong et al. 2013)
• CIBERSORT (Newman et al. 2015)
• Method by (Senbabaoglu et al. 2016) using single-sample GSEA (ssGSEA) score 

(Barbie et al. 2009). 
• The same method using singscore (Foroutan et al. 2018) instead of ssGSEA score.

• DREAM Challenge
• Generating test cases (generating artificial data points using a signature matrix)



Normalizing Gene Expression Data
• Raw data D=[gi,j]=[Pi]=[Gj], Pi=[gi,j 1≤j ≤60483]
Excluded genes with zero values in the entire D
Pi=[gi,j 1≤j ≤ 57813], Gj=[gi,j 1≤i ≤ n], 
n= number of files

Normalization methods:
• Scaling: 
Pi=[gi,j/max(Pi) 1≤j ≤ 57813] or Gj=[gi,j/max(Gj)   1≤i ≤ n]
• Unit length: 
Pi=[gi,j/|Pi|  1≤j ≤ 57813] or Gj=[gi,j/|Gj|   1≤i ≤ n]

• Z-score: Pi= z-score(Pi) or Gj= z-score(Gj)



Statistical Analysis
Normalization method avg(avg(gj))=avg(avg(Pi)) avg(std(gj)) avg(std(Pi)) cor(EGFR, KRAS)
Raw data 142069.91 136066.44 2784854.65 0.226
Scaling files 0.000599 0.000522 0.0092737 0.51
Scaling genes 0.075386 0.084623 0.131425 0.226
Scaling files to the unit length 0.000258 0.000205 0.004150 0.43
Scaling genes to the unit length 0.017967 0.036806 0.03099 0.226
Standardizing files 0 0.060801 1.0 0.23
Standardizing genes 0 1.0 0.769104 0.23

Shahriyari L. (2018) Briefing in Bioinformatics

Raw data. 



Briefings in Bioinformatics, Volume 20, Issue 3, May 2019, Pages 985–994, https://doi.org/10.1093/bib/bbx153

The content of this slide may be subject to copyright: please see the slide notes for details.

Standardized data. In this figure, top panels (A–C) represent the results of independently standardizing 
each file, bottom panels (D–F) represent the results of independently standardizing each gene.

Shahriyari L. (2018) Briefing in Bioinformatics

https://doi.org/10.1093/bib/bbx153


Parameter estimation
• Number of equations is much smaller than the number of unknown parameters 

leading to infinite number of optimal values for parameters. 

• Finding the structure of the space of optimal parameters’ values for each patient.

• Looking at the intersection of spaces of optimal values across patients to reduce the 
dimension of the space of optimal regime.

• Collaborating with MPI Dr. Roy to perform parameter estimation and MPI Dr. Pal to 
perform sensitivity analysis.

• Generating test cases (generating artificial data using equations with some values for 
parameters), to evaluate the parameter estimation.

• Looking to collaborate with scientists in the field of Topology Optimization.

20
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Optimal parameter estimation

I We will estimate optimal parameters by formulating and
solving an optimal control problem.

I The control problem consists of minimizing a functional
consisting of a least squares data-fitting term and
regularization terms.

I The data-fitting term determines the optimal control
parameter set which that leads to the best fit of our
measured gene expression data.

I The regularization terms represent certain apriori
assumptions on the parameter set.

I Such an optimization framework is robust and can
accurately predict the optimal parameter set even with
noisy or low number of measurements.

I This approach is new in the context of QSP models.
This Slide was prepared by Dr. Souvik Roy and Dr. Suvra Pal
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Sensitivity analysis and optimal treatment strategy

I It is important to understand the effects of model
parameter values on the outcome measures.

I Sensitivity analysis is important because uncertainty in the
obtained parameter values may result in variability in the
model’s prediction of resulting dynamics.

I To carry out the proposed sensitivity analysis, we will use
cutting edge statistical tools like Partial Rank Correlation
Coefficient Analysis and Latin Hypercube Sampling
Scheme.

I For devising effective optimal treatment strategies, we will
use a repetitive combination of non-linear optimization and
global sensitivity analysis methods.

This Slide was prepared by Dr. Souvik Roy and Dr. Suvra Pal



Thanks! Questions?

Please share with us your comments and insights on the project’s GitHub page:

https://github.com/ShahriyariLab/Data-Driven-QSP-Software-for-Personalized-
Colon-Cancer-Treatment

Eight open issues: QSP model, Tumor deconvolution, Data sets, Data preparation,
Parameter estimation, Sensitivity analysis, Modeling treatment, and validation

We are eagerly looking forward to your assistance

Looking for Postdoc joining our team at UMass Amherst
lshahriyari@umass.edu

https://github.com/ShahriyariLab/Data-Driven-QSP-Software-for-Personalized-Colon-Cancer-Treatment

